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We investigate the Josephson effect in SfXSf junctions, where Sp is a superconducting material with 
a ferromagnetic exchange field, and X a weak link. The critical current I c increases with the (antiparallel) 
exchange fields if the distribution of transmission eigenvalues of the X-layer has its maximum weight at small 
values. This exchange field enhancement of the supercurrent does not exist if X is a diffusive normal metal. At 
low temperatures, there is a correspondence between the critical current in an SfISf junction with collinear 
orientations of the two exchange fields, and the AC supercurrent amplitude in an SIS tunnel junction. The 
difference of the exchange fields hi — h-z in an SfISf junction corresponds to the potential difference V\ — Vi 
in an SIS junction; i.e., the singularity in I c [in an SfISf junction] at \hi — h% \ = Ai + A2 is the analogue of 
the Riedel peak. We also discuss the AC Josephson effect in SfISf junctions. 



PACS: 74.50.+r, 74.80.-g, 75.70.-i 

The presence of a magnetic exchange field in bulk 
superconductors [[[JH and in superconductor (S) - fer- 
romagnet(F) multilayers reduces the critical tempera- 
ture T c , i.e., suppresses superconductivity (see, e.g., || 
and references therein). Similarly, an exchange field 
suppresses the proximity effect: superconducting cor- 
relations spread into the F layer of superconductor- 
ferromagnet structures on a shorter distance than into 
the normal layer of a superconductor-normal metal 
structure Hence, it is natural to expect that the 
supercurrent in a junction will be suppressed by an 
exchange field in the superconductors or by the pres- 
ence of ferromagnetic layers between the superconduct- 
ing banks. Surprisingly, it was shown recently that the 
supercurrent can be strongly enhanced in a number of 
situations: e.g., in an SfISf junction formed by two 
"ferromagnetic superconductors" (Sf) whose exchange 
fields are oriented in an antiparallel way J5],|(|, and in 
SFIFS junctions |],|j§. There is still no simple intu- 
itive understanding of this exchange field supercurrent 
enhancement (EFSE) effect, and also, which conditions 
favor this effect. In the following, we investigate the 
Josephson effect in SfXSf junctions for different choices 
of the scattering layer X, for example, when X is a dif- 
fusive normal metal or an insulator, and find the condi- 
tions favoring the EFSE-effect. 

In this Letter, we show that the EFSE-effect ex- 
ists in SfXSf junctions if the distribution of transmis- 
sion eigenvalues of the X-layer has its maximum weight 
for small values. If the transparency is increased, we 
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Fig. 1 Sketch of the device showing the EFSE-effect; 
the two ferromagnetic superconductor layers Sf arc 
characterized by BCS order parameters A]^) and ex- 
change fields h!( 2 ). A scattering region X (e.g., an in- 
sulator or a diffusive normal metal) separates the two 
Sf layers. 



find that the effect becomes less pronounced; it dis- 
appears when the transparency is close to unity. If 
X is a diffusive normal metal, there is no exchange 
field enhancement of the supercurrent. At zero tem- 
perature, we find a correspondence between the criti- 
cal current I C (V — 0, hi — h 2 ) of an SfilSp^ junction 
with collinear exchange fields ^1(2) an( i t ne AC super- 
current amplitude ReI c (V) of an SIS tunnel junction. 
The two quantities coincide if the voltage V across the 
junction is equal to h\ — h 2 . Thus, the peak- like singu- 
larity of I C {V = 0, hi - h 2 ) at \h% - h 2 \ = Ai + A 2 has 
the same nature as the Riedel peak in SIS contacts at 
\eV\ — Ai + A 2 [§-0- Here, Ai( 2 ) are the supercon- 
ducting pair potentials of the two contacts. 
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To derive the results listed above, we relate the su- 
percurrent through the SfXSf junction to the scattering 
matrix of the region X, and then use the statistical prop- 
erties of this scattering matrix. The model considered 
is illustrated in Fig. |l| It consists of a scattering region 
(hatched) between two superconducting Sp layers. 

Examples for Sp-layers include superconductors 
with ferromagnetic impurities Q, or superconductor- 
ferromagnet (normal metal) multilayers, where the su- 
perconducting (and ferromagnetic) order parameter is 
induced by the proximity effect H |l3| . They can be 
described by adding an exchange field to the BCS- 
model |TJ, Then the self-consistency equation at 
zero temperature shows that the superconducting order 
parameter A(h) = A(0) if the exchange field h < A(0), 
and A(h) = otherwise. In this paper we assume that 
\h\ < A(0) in the two "ferromagnetic superconductor" 
leads. 

The supercurrent is calculated using the quasiclas- 
sical Green's function technique. We assume that the 
junction is short, i.e., that the traversal time r through 
the region X is such that H/t exceeds the superconduct- 
ing order parameters A 12 of the Sp layers. Then, fol- 
lowing (l^, [l7| , we relate the supercurrent I to Keldysh 
Green's functions, and finally to retarded quasiclassical 
Green's functions Ri t 2 in the bulk of the Sf layers, and 
the eigenvalues T n of ttf , where t is the transmission 
amplitude of the X-layer: 
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Here, f( 3 ) is the Pauli matrix acting in Nambu space, 
the trace is taken over the Nambu and spin-spaces, and 
<p 1,2 is the superconducting phase corresponding to the 
Sf layers. Equations ( p~a| - |Tc| ) are valid for both ballistic 
or dirty Sp-layers. 

To derive Eqs. (jTaUfij) we used the general Zaitsev 
boundary conditions [|l6|,[l7|l for the Green's functions 
rather than the Kupriyanov-Lukichev dirty-limit ap- 
proximation [Q which is valid for small T (see, e.g., Q 
and references therein). Using the Zaitsev boundary 
condition leads to the anticommutator of the Green's 



functions in the denominator of Eq. (lb) which plays 
an important role here and cannot be neglected. Due 



to this anticommutator the EFSE-effect is suppressed 
in SfISf junctions with large transparencies T and in 
SfXSf junctions in which X is a dirty normal metal, 
see, e.g., Fig. g. 

If hi|| h 2 , Eq. (H) reduces to: 



(2) 

Here, 

g(E, tp, a, T) = (1 — T) sin(ai) sin(a 2 ) + 

ir(cos (ip) - cos(ai + a 2 )) , (3) 

where tp = tpi — <p 2 , p{T) = ^„5(T - T n ) is the dis- 
tribution of transmission eigenvalues, u> — 27rT(fc + 
1/2), k = 0, ±1,... are Matsubara frequencies, and 
ai,2 — arccos[(£? + c^i^/Ai^] represent the phases 
picked up at an Andreev reflection from the Sf layers. 
Equations ^ and (0) can be also derived using the scat- 
tering theory developed in Ref. f20fl . 

In the general case hi iff h 2 , the supercurrent is given 

by 
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where the indices p, a correspond to the parallel and an- 
tiparallel configurations of the exchange fields; 6 is the 
angle between hi and h 2 . Equation (|j) can be derived 
from ([la|)-([k]) using the following identity for an ana- 
lytical function L of two variables: 



Tr£[(<7 • a), (a ■ b)] = 
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where the trace is taken over spin degrees of freedom. 
The last identity can be proved by a series expansion. 

Using Eqs. (|^-[|), we can work out the effect of ferro- 
magnetic interactions on the supercurrent in a number 
of structures. 

We shall concentrate below on the case when the ex- 
change fields are collinear. Suppose that X is a tunnel 
barrier. Then p(T) = N5(T - D), where D < 1, N is 
the number of channels [N = kpA/Air, where A is the 
area of the junction cross-section, and Uf is the Fermi 
wave vector in S]. It follows from (||) that 
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function K @0,|2l). If we define h = hi — h 2 , then 
within the interval \h\ < |Ai — Aa|, 
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If |Ai - A 2 | < \h\ < Ai + A 2 then 
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Fig. 2 The integration domain shown gives the main 
contribution to the supercurrent in an (Sp)iI(Sp)2 junc- 
tion according to Eq. (Q). The supercurrent shows a 
Riedel singularity when \h\ \ — > Ai, |/i2| — > A2. 



where i?A? = (NDe 2 /irh)^ 1 is the normal-state resis- 
tance of the junction. If sign{hih 2 ) > 0, Eq. (ra) gives 
/W, and in the opposite case [see Eq. (HI)]. For 
Ai = A 2 , ft-i = — /i2j Eq. (0) reproduces the corre- 
sponding results of 0. 

It follows from Eq. (||) that at small temperatures, 
T < min{Ai,A 2 }, as long as \hx\ < Ai,\h 2 \ < A 2 , 
the supercurrent does not depend on hi + /i 2 . It 
grows with hi — h 2 and diverges logarithmically when 
\hi — /i 2 | — * Ai + A 2 . To illustrate this, we write Eq. (|J) 
in the real-time representation: 
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The integration domain is shown in Fig. || Equation (Q) 
and Fig. || show that the exchange fields /ii( 2 ) shift the 
Fermi energies of the two superconductors by cr/ii( 2 ). 
The potentials Vu 2 ) applied to the superconducting 
banks of an SIS junction shift the Fermi energies in 
a similar manner. In particular, it turns out that the 
amplitude Re/ c (V) of the AC Josephson supercurrent 
[which is proportional to sm{2eVt/h)\ of an SIS junc- 
tion is equal to the critical current I c = I((p = tt/2) 



in Eqs. (Hjfl) after the substitution h 



1(2) 



eVi 



(2)- 



At 



zero temperature, the critical current I c = I((p = n/2) 
defined by Eq. (^) can be expressed through the elliptic 



For hi = h 2 = 0, Ai = A 2 , Eq. (|) leads to I C R N = 
eA-7r/2, i.e., the usual result of the critical current of an 
SIS Josephson junction [JL2| . 

For \h\ close to Ai + A 2 , the integral (0) has a sin- 
gularity. The singular part of the current is: 
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If the temperature is close to the critical tempera- 
ture of the Sf layer, the supercurrent depends on hi + h 2 
as well as hi — h 2 , and there is no EFSE-cffect in agree- 
ment with ||. In this case, the correspondence of the 
exchange field in SpXSp junctions and the voltage in 
SIS junctions is not valid any more. 

The main point of the discussion above is that the 
supercurrent is strongly enhanced by the exchange field 
in the tunnelling regime, i.e., when the scattering re- 
gion X is an insulator with small transparency. Below 
we investigate whether the enhancement effect is seen 
in other types of SfXSf junctions, e.g., when the layer 
X is a diffusive normal metal. 

If A = Ai = A 2 , h = hi = — h 2 (antiparallel mag- 
netizations), Eq. can be simplified: 
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The current can be evaluated using (Q). 

Let us first turn to the case when the distribution of 
transmission eigenvalues p cx 8{T—D). As shown above, 
the enhancement effect exists as long as D C 1. If the 
transparency D becomes larger, we find from Eq. (^) 
that the EFSE-effect becomes less pronounced; it dis- 
appears when the transparency is close to unity. This 
is illustrated in Fig. [|a, where the critical current of 
an SfXSf junction with A = |Ai| = |A 2 | is shown as 
a function of the exchange field E cx = hi — —h 2 at 
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Fig. 3 Exchange field dependence of the critical cur- 
rent in an SfXSf junction with Ai = A2 and E ex 
h — —hz. (a) X is an insulator with transparency 
D. For D > 0.7, the supercurrent enhancement effect 
disappears, (b) X is a disordered normal metal of con- 
ductance Gn with a tunnel junction of conductance Gt; 
a — Gt /Gn- The supercurrent enhancement effect dis- 
appears for a>l. 



different transparencies D. The relation of the trans- 
parency and the normal state resistance is given by 
D = Rsix/Rn, where the Sharvin resistance i?sh = 
(e 2 kpA/A7T 2 h)~ 1 , and A is the area of the junction. 

Another possibility is that X is a dirty normal wire 
of conductance Gn and an insulating layer with con- 
ductance Gt crosses the wire [this insulating layer, for 
example, can be situated at the Sf-X interface]. In 
this case the distribution of the transmission eigenval- 
ues p(T) is known [Q; for example, if Gt/Gn ^> 1, 
then p(T) = (7ThG N /e 2 )/TV^~T g|. The graph of 
the critical current versus the exchange field is shown 
in the Fig. |^b for a set of values of a = Gt/Gn- It fol- 
lows from this figure that in the metallic regime, a 1, 
when both small and large transmission eigenvalues give 
the main contribution to the current, the EFSE is sup- 
pressed. If X consists of two insulating barriers sepa- 
rated by a dirty normal wire, p oc l/T 3 / 2 y/l — T ; there 
is a weak EFSE-effect in this case, the relative super- 
current enhancement does not exceed 10%. 
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Fig. 4 The critical current in an SfXSf junction with 
Ai = A 2 , -Eox s hi = -h 2 , p{T) oc S(T - D), and 
D = 0.2. The figure shows the relative contributions to 
the critical current of the discrete spectrum (Andreev 
levels) and the continuous spectrum. 

Figure ^ shows the relative contribution of the dis- 
crete spectrum (Andreev levels) and the continuous 
spectrum to the supercurrent. It turns out that the 
EFSE-effect is mostly due to the continuous spectrum: 
the contribution of the discrete spectrum to the super- 
current decreases with the exchange field, while the con- 
tribution of the continuous spectrum increases. If X is 
an insulator, the continuous spectrum gives the main 
contribution to the supercurrent (see Fig. ||) and there 
is a pronounced EFSE effect. 

Finally we discuss the AC Josephson effect in SfISf 
structures. Similarly as in tunnel SIS junctions 
the current consists of three parts: I(t) = I\ (t) + l2(t) + 
I 3 , where h{t) = Re[7 c (V, h)] em(2eVt/K) is the su- 
percurrent, I 2 (t) = lm[I c (V,h)]cos(2eVt/h) the inter- 
ference current, and -Z3 the quasiparticle current, here, 
h = h% — h 2 - Here, we concentrate on the behavior of 
I\ and li\ the quasiparticle current has been studied 
in 1 1 3 1 - The complex supercurrent amplitude I C (V, h) in 



an SfISf junction can be calculated in a similar way as 
m an SIS junction 0,0- At 

zero temperature, it has 

the remarkable property that 

I c (V,h) = ±(I c (V + h/e,0) + I c (V-h/e,0)) . (12) 

By setting V = 0, we find again that the DC criti- 
cal current of an SfISf junction coincides with the real 
part of the AC supercurrent amplitude of an SIS junc- 



tion if we replace eV by h. Using Eq. (12) we can also 
discuss the AC Josephson effect of the SfISf junction. 
In an SIS junction, ReI c (V) has a Riedel singularity at 
\eV\ — A1 + A2; but in the SfISf case, the Riedel singu- 
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Fig. 5 Real and imaginary parts of the AC Josephson 
supercurrent amplitude I C (V) in an SpISf junction at 
T = 0, E cx = hi = -hi = 0.3A, and Ai = A 2 = A. 
Riedel-type singularities are visible at V = 2 A ± 2E CX . 



larity appears at \eV ±(h 2 — hi)\ = Ai + A 2 (we assume 
a collinear orientation of the exchange fields ft-i, 2 ). In 
an SIS junction, lmI c (V) vanishes for \eV\ < Ai + A 2 , 
and jumps to TTy/A 1 A 2 /2R N at \eV\ = A 1 + A 2 @. 
In contrast, in an SfISf junction, lmI c (V) jumps at 
\eV - (h 2 - h\)\ = Ai + A 2 [see Fig. §, and the the 
jump is half as big as in the SIS case. 

In conclusion, we have shown that there is a pro- 
nounced exchange field supercurrent enhancement ef- 
fect in SfXSf junctions if the distribution of transmis- 
sion eigenvalues of the X-layer has maximum weight at 
small values. If X is a diffusive normal metal, there is 
no exchange field enhancement of the supercurrent. At 
small temperatures, there is a correspondence between 
the critical current in an SfISf junction with collinear 
orientations of the exchange fields and the supercurrent 
amplitude in an SIS tunnel junction in the AC regime: 
the difference of the exchange fields in an SfISf junc- 
tion is the analogue of the voltage in an SIS junction. 
Finally, we also discussed the AC Josephson effect in 
SfISf junctions. 
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